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To �rjro autì apoteleÐ to perieqìmeno ergasÐac, pou parousi�sthke sta plaÐsi-
a tou metaptuqiakoÔ maj matoc : H JewrÐa Arijm¸n sthn EkpaÐdeush .

1 H Apìdeixh

H apìdeixh tou teleutaÐou jewr matoc tou Fermat gia thn pèmpth dÔnamh
dhmosieÔthke to 1825 apì dÔo polÔ meg�louc majhmatikoÔc, ton Dirichlet kai
ton Legendre, oi opoÐoi èdrasan me diafor� miac geni�c. O Legendre  tan ènac
�ndrac ebdom nta et¸n pou eÐqe z sei apì kont� thn politik  anataraq  thc Gal-
lik c Epan�stashc. H apotuqÐa tou sthn upost rixh thc upoy fiac kubèrnhshc
sto Ejnikì InstitoÔto eÐqe wc apotèlesma thn diakop  thc sÔntaxhc tou, kai
mèqri pou suneÐsfere sto TeleutaÐo Je¸rhma tou Fermat  tan �poroc. Apì
thn �llh, o Dirichlet  tan ènac nearìc arijmojewrhtikìc, pou mìlic eÐqe kleÐsei
ta eÐkosi. Kai oi dÔo, anex�rthta o ènac apì ton �llo, kat�feran na apodeÐxoun
ìti h perÐptwsh n = 5 den eÐqe kajìlou lÔseic. Kai oi dÔo basÐsjhkan sto
je¸rhma thc Sophie Germain (bl. L mma 2, parak�tw).

Skopìc tic ergasÐac aut c eÐnai h apìdeixh tou :

Je¸rhma 1:Oi akèraiec lÔseic thc diofantik c exÐswshc x5+y5=z5 eÐnai
mìno ta (x,y,z) ìpou xyz=0.

To teleutaÐo je¸rhma tou Fermat qwrÐzetai se dÔo peript¸seic :
PerÐptwsh I: Kanènac apì touc arijmoÔc x,y,z den diaireÐtai me n .
PerÐptwsh II:'Enac akrib¸c apì touc x,y,z diaireÐtai me n .

∗Tm ma Majhmatik¸n, Panepist mio Kr thc
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Se aut  thn ergasÐa ja asqolhjoÔme me thn perÐptwsh II kai ìqi me thn perÐptwsh
I. H al jeia tou jewr matoc 1 sthn perÐptwsh I apodeiknÔetai qrhsimopoi¸ntac
to parak�tw je¸rhma :

L mma 2(Sophie Germain): An xn+yn=zn kai n eÐnai pr¸toc ≥3 kai
2n + 1 eÐnai pr¸toc, tìte o n prèpei na diaireÐ ènan apì touc x,y,z.

Prin thn apìdeixh tou jewr matoc 1 ja anafèroume k�poia l mmata, ta opoÐa
ja mac qreiastoÔn sthn apìdeixh .

L mma 3: An (x,y,z) eÐnai mia akèraia lÔsh thc diofantik c exÐswshc
x5+y5=z5, me xyz 6=0, tìte mkd(x,y)=mkd(x,z)=mkd(y,z)=1 .

Apìdeixh: Genik� an up�rqei lÔsh thc exÐswshc jewr¸ thn el�qisth,
dhlad  aut  pou èqei to |x| el�qisto. Tìte mkd(x,y,z)=1. An  tan mkd(x,y)>1
tìte ja up rqe pr¸toc p tètoioc ¸ste: p|x kai p|y.Tìte ìmwc x=px1 kai x=py1

,ìpou x1,y1 akèraioi .Apì autì sunep�getai ìti p5|z5 ,dhlad  (p/z)5∈ Z Opìte
sumperaÐnoume ìti (p/z)∈ Z. AntikajistoÔme sthn exÐswsh kai èqoume ìti:
p5x5

1 + p5y5
1 = p5z5

1 , dhlad  x5
1 + y5

1 = z5
1 kai h (x1,y1,z1) eÐnai mikrìterh lÔsh.

'Atopo ,�ra mkd(x,y)=1. Me parìmoio trìpo katal goume kai ìti mkd(x,z)=1,
mkd(z,y)=1.

L mma 4: MporoÔme na upojèsoume ìti oi x,y eÐnai perittoÐ kai o z eÐnai
�rtioc.

Apìdeixh:Apì to l mma 3 eÐnai gnwstì ìti mkd(x,y,z)=1. Opìte toul�qis-
ton dÔo apì ta x,y,z ja eÐnai perittoÐ kai èna to polÔ ja eÐnai �rtio. An dÔo eÐnai
perittoÐ tìte to �llo ja eÐnai �rtio, afoÔ : (perittìc)+(perittìc)= (�rtioc) kai
epÐshc (perittìc)-(perittìc)= (�rtioc). An o z eÐnai �rtioc tìte den èqoume na
apodeÐxoume tÐpota. Upojètoume ìti o x eÐnai �rtioc. Up�rqoun z′, x′ tètoia ¸-
ste :z′=−z kai x′=−x. Opìte o x′ eÐnai �rtioc kai : (−1)5(x′)5+y5=(−1)5(z′)5.
'Ara, y5+(z′)5=(x′)5, to opoÐo eÐnai thc morf c x5+y5=z5, me z �rtio. An�loga
mporoÔme na ergastoÔme an upojèsoume ìti o y eÐnai �rtioc.

L mma 5: An a, b ∈ Z, mh mhdenikoÐ, kai ikanopoioÔn ta ex c : mkd(a, b)=1,oi
a, b eÐnai diaforetik c artiìthtac , 5|b kai 5 6 |a kai to a2 − 5b2 eÐnai pèmpth dÔ-
namh akeraÐou, tìte up�rqoun c, d ∈ Z tètoia ¸ste :
a = c(c4 +50c2d2 +125d4) kai b = 5d(c4 +10c2d2 +5d4), ìpou c, d mh mhdenikoÐ
akèraioi me mkd(c, d)=1, diforetik c artiìthtac kai to 5 den diaireÐ to c.

Apìdeixh: Ja paragontopoi soume to a2 − 5b2. IsqÔei loipìn ìti :
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a2 − 5b2 = (a + b
√

5)(a − b
√

5). Ja ergastoÔme ston daktÔlio Z[ω], ìpou
ω = −1+

√
5

2 , ω2 + ω − 1 = 0 1.
Ja deÐxoume pr¸ta ìti mkd(a + b

√
5, a − b

√
5) = 1. Upojètoume ìti mkd(a +

b
√

5, a − b
√

5) = d ∈ Z[(1 +
√

5)/2] me N(d) > 1. Tìte ja up�rqei pr¸toc
π ∈ Z[ω], tètoioc ¸ste : π|d. Opìte π|2a kai π|2b

√
5.

To π 6 |2 kai π 6 |√5 2. Opìte π|a kai π|b, to opoÐo eÐnai �topo, diìti a, b pr¸toi
metaxÔ touc.
'Ara mkd(a + b

√
5, a− b

√
5)=1.

Opìte apo monos manth an�lush tou Z[ω] sumperaÐnoume ìti ta a+b
√

5, a−b
√

5
eÐnai to kajèna pèmpth dÔnamh akeraÐou epÐ kat�llhlh mon�da tou daktulÐou
Z[ω]. Opìte up�rqoun u, v, k ∈ Z tètoia ¸ste : a+ b

√
5 = (u+ vω)5ωk. 'Omwc

k�je akèraioc mporeÐ na grafteÐ sthn morf  5q + r ìpou r = 0, 1, 2, 3   4. 'Ara
(u+ vω)5ωk = ((u+ vω)5ωq)5ωr. O ((u+ vω)5ωq)5 eÐnai thc morf c (u+ vω)5,
(me kat�llhlh allag  thc shmasÐac twn u, v). Opìte, a+b

√
5 = (u+vω)5ωr =

C + Dω, (an k�noume tic pr�xeic)' gia k�poiouc akèraiouc C,D. 'Ara arkeÐ na
deiqteÐ ìti, an b ≡ 0 (mod 5), tìte to r den mporeÐ na eÐnai 1,2,3   4.
Epeid  a + b

√
5 = (a + b) + 2bω, èqoume ìti C = a + b ≡ 0 (mod 5) kai

D = 2b ≡ 0 (mod 5). 'Eqoume loipìn,
r = 1 : AnaptÔsontac to (u + vω)5ω = C + Dω paÐrnoume ìti C ≡ 0 (mod 5),
�topo.
r = 2 : AnaptÔsontac to (u+vω)5ω2 = C+Dω èqoume ìti C ≡ u5+2v5 ≡ u+2v
(mod 5) 3, D ≡ 4u5 + 3v5 ≡ 4u + 3v (mod 5) 4. 'Omwc D ≡ 0 (mod 5), �ra
u ≡ 3v (mod 5). All� tìte C ≡ 0 (mod 5), to opoÐo eÐnai �topo.
r = 3, 4 : ApokleÐontai ìpwc h perÐptwsh r = 2.
Mènei h perÐptwsh r = 0 : EÐnai C ≡ u + v, D ≡ v (mod 2). All� D = 2b, �ra
o v eÐnai �rtioc, v = 2d. 'Ara u+vω = u+2dω = (u−d)+d(2ω+1) = c+d

√
5

5,ìpou c = u− d.
'Ara a+b

√
5 = (c+d

√
5)5 = c5+5c4d

√
5+50c3d2+50c2d3

√
5+125cd4+25d5

√
5.

'Ara : a = c5 + 50c3d2 + 125cd4 = c(c4 + 50c2d2 + 125d4) kai
b = 5c4d + 50c2d3 + 25d5 = 5d(c4 + 10c2d2 + 5d4). Ta c, d èqoun tic parak�tw
idiìthtec :

1Ston Z[ω] isqÔei h monos manth an�lush. Mon�dec eÐnai ta ±ωn, n ∈ Z. N(a + bω) =
a2 − ab− b2. Oi 2,

√
5 = 2ω + 1 eÐnai pr¸toi

2Epeid  to 2 eÐnai pr¸toc, π = 2u′, ìpou u′ mon�da tou Z[ω]. PaÐrnontac nìrmec èqoume
ìti 4|(a + b

√
5)(a − b

√
5) = a2 − 5b2, �topo diìti oi a, b eÐnai diaforetik c artiìthtac. An

π|√5 tìte π sunetairikìc tou 5, �ra 5|a, �topo
3Mikro Je¸rhma tou Fermat : xp ≡ x (mod p), p pr¸toc
4Mikro Je¸rhma tou Fermat
52ω + 1 =

√
5
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1. Mkd(c, d)=1. Autì èpetai apì to gegonìc ìti mkd(a, b)=1

2. Oi c, d eÐnai o ènac �rtioc kai o �lloc perittìc. Den gÐnetai na eÐnai kai
oi dÔo �rtioi, diìti mkd(c, d)=1. EpÐshc den gÐnetai na eÐnai kai oi dÔo
perittoÐ, diìti tìte oi a, b ja  tan kai oi dÔo �rtioi, to opoÐo eÐnai adÔnato.

3. To 5 den diaireÐ to c. An to 5|c tìte C ≡ 0 (mod 5), to opoÐo eÐnai �topo.

L mma 6: An a, b ∈ Z kai ikanopoioÔn ta ex c : mkd(a, b)=1, a, b perittoÐ
kai oi dÔo, 5|b kai 5 6 |a kai to (a2 − 5b2)/4 eÐnai pèmpth dÔnamh akeraÐou, tìte
up�rqoun mh mhdenik� c, d ∈ Z tètoia ¸ste :
a = c(c4+50c2d2+125d4)/16 kai b = 5d(c4+10c2d2+5d4)/16 me mkd((c, d)=1,
c, d perittoÐ kai oi dÔo kai to 5 den diaireÐ to c.

Apìdeixh:H apìdeixh eÐnai ìmoia me aut  tou l mmatoc 5, arkeÐ na ergas-
toÔme p�li sto Z[(1+

√
5)/2] kai na exet�soume to mkd(a+b

√
5)/2, (a−b

√
5)/2).

L mma 7: Den up�rqoun x,y,z∈ Z me xyz 6=0 tètoia ¸ste x5+y5=z5,
mkd(x,y)=mkd(x,z)=mkd(y,z)=1, x,y perittoÐ, z �rtioc kai 5|z.

Apìdeixh: 'Estw ìti up�rqoun tètoia x,y,z. Gia to z ja isqÔei : z =
2m5nz′ me m≥1, n≥1, mkd(z′,2)=1, mkd(z′,5)=1 kai 25m55n(z′)5 = x5 + y5.
Epeid  oi x,y eÐnai kai oi dÔo perittoÐ èqoume ìti oi x+ y,x− y eÐnai �rtioi. 'Ara
up�rqoun mh mhdenik� p,q∈ Z 6 tètoia ¸ste : x + y = 2p, x − y = 2q me p, q
diaforetik c artiìthtac kai mkd(p,q)=1 7. Opìte x = p + q kai y = p − q kai
antikajist¸ntac sthn exÐswsh èqoume :

z5 = 25m55n(z′)5 = x5 + y5 = (p+ q)5 +(p− q)5 = 2p(p4 +10p2q2 +5q4). (1)

Apì autì faÐnetai ìti 5|2p(p4 + 10p2q2 + 5q4). 'Ara, eÐte 5|2p, eÐte 5|(p4 +
10p2q2 + 5q4). Kai stic dÔo peript¸seic sumperaÐnoume ìti 5|p. 'Ara up�rqei mh
mhdenikì r∈ Z tètoio ¸ste p = 5r. O mkd(p,r)=1, afoÔ mkd(p,q)=1. EpÐshc
oi r, q eÐnai diaforetik c artiìthtac, afoÔ to Ðdio isqÔei kai gia touc p, q.
Antikajist¸ntac sthn 1 èqoume :

z5 = 25m55n(z′)5 = 2 · 52r(q4 + 50q2r2 + 125r4). (2)

Apì autì èqoume ìti 55n|2 · 52r(q4 + 50q2r2 + 125r4), dhlad  55n−2|2r(q4 +
50q2r2 + 125r4). Epeid  5 den diaireÐ to q, 8 to 5 den diaireÐ to (q4 + 50q2r2 +

6Ja einai mh mhdenik� diìti diaforetik� mkd(x,y) 6=1
7EÐnai gnwstì ìti ìtan oi x, y eÐnai perittoÐ, pr¸toi metaxÔ touc, tìte mkd(x + y,x− y)=2
85|p kai mkd(p,q)=1
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125r4). Opìte 5|2r, �ra 5|r. Jètoume

q4 + 50q2r2 + 125r4 = t, q2 + 25r2 = a, 10r2 = b

. 'Etsi èqoume ìti t = a2 − 5b2 kai lìgw thc 2

z5 = 2 · 52rt. (3)

Gia ta r, t isqÔoun ta ex c :

(i) mkd(a, b) = 1 (bl. sqìlia 1.1).

(ii) O 5|a kai 56 |b.
AfoÔ b = 10r2 èqoume amèswc ìti 5|b. To 5 ìmwc den diaireÐ to a diìti
apì (i) èqoume ìti mkd(a,b)=1.

(iii) O b eÐnai �rtioc kai o a eÐnai perittìc.
Autì diìti 2|b = 10r2 en¸ to 2 den diaireÐ to a afoÔ mkd(a,b)=1.

(in) mkd(2 · 5r2,t)=1 (bl. sqìlia 1.2).

Lìgw thc (3) kai thc (in) mporoÔme na sumper�noume ìti ta t ,2 · 52r eÐnai
pèmptec dun�meic akeraÐwn. 'Omwc t = a2− 5b2, �ra lìgw twn (i)− (iii) kai tou
l mmatoc 5, sumperaÐnoume ìti ìti odhghj kame sthn ex c kat�stash :

(∗)




a = c(c4 + 50c2d2 + 125d4) kai b = 5d(c4 + 10c2d2 + 5d4)
c, d mh mhdenikoÐ, pr¸toi metaxÔ touc, diaforetik c artiìthtac kai 5 6 |c
a2 − 5b2 = pèmpth dÔnamh.

'Estw a′ = c2 + 5d2, b′ = 2d2. Oi a′, b′ èqoun tic akìloujec idiìthtec :

(a) mkd(a′,b′)=1 (bl. sqìlia 1.3).

(b) O 5|b′, 56 |a′.
'Eqoume deÐxei ìti 5|r. Epeid  b = 10r2 9, èpetai ìti 53|b. 'Ara 52|d, opìte
5|u′ = 2d2. To 5 den gÐnetai na diaireÐ to a′ diìti apo (a) mkd(a′,b′)=1.

9Apì to (in)
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(c) Ta a′, b′eÐnai diaforetik c artiìthtac.
To a′ eÐnai �rtioc ex orismoÔ. Opìte to b′ ja eÐnai perittìc, afoÔ apo (a)
mkd(a′,b′)=1.

(d) To a′2−5b′2 = c4 +10c2d2 +5d4 eÐnai pèmpth dÔnamh akeraÐou (bl. sqìlia
1.4).

Apì tic idiìthtec (a)− (d) kai qrhsimopoi¸ntac to l mma 5 gia to a′2−5b′2

èqoume ìti :
c2+5d2 = a′ = c′(c′4+50c′2d′2+125d′4) kai 2d2 = b′ = 5d′(c′4+10c′2d′2+5d′4)
gia kat�llhlouc mh mhdenikoÔc akeraÐouc c′, d′, diaforetik c artiìthtac, ìpou
mkd(c′,d′)=1 kai to 5 den diaireÐ to c. EpÐshc 5|d′, diìti 52|2d2 10.
'Eqoume ìti (2 · 58)(2d2) = 2258d2 = (2 · 54d)2. Xèroume ìti to (2 · 54d) eÐnai
pèmpth dÔnamh akeraÐou. Opìte kai to (2·54d)2 ja eÐnai pèmpth dÔnamh akeraÐou.
EpÐshc to 2 · 59d′(c′4 + 10c′2d′2 + 5d′4) eÐnai pèmpth dÔnamh akeraÐou diìti :
2 · 59d′(c′4 + 10c′2d′2 + 5d′4) = (2 · 58)(5d′(c′4 + 10c′2d′2 + 5d′4) = (2 · 58)(2d2),
to opoÐo eÐnai pèmpth dÔnamh akeraÐou.
IsqÔei ìti o mkd(2 · 59d′, (c′4 + 10c′2d′2 + 5d′4))=1.
'Ara epanerqìmaste sthn kat�stash (*) t¸ra ìmwc me ta a′, b′, c′, d′ sthn jèsh
twn a, b, c, d.
Epiplèon 0 < d′ < d. Pr�gmati,
25d′5 ≤ 5d′(c′4 + 10c′3d′2 + 5d′4) = 2d2 11. Opìte, 25d′5 ≤ 2d2, dhlad  d′ ≤
5
√

2d2/25. 'Omwc 5
√

2d2/25 < d, �ra d′ < d.
SuneqÐzontac ìsec forèc jèloume aut  thn diadikasÐa ja epistrèfoume sthn
kat�stash (*) kai th jèsh tou arqikoÔ d ja paÐrnoun nèa d′, d′′, · · · , ìpou 1 ≤
· · · < d′′ < d′ < d. All� ètsi èqoume �peirh k�jodo stouc fusikoÔc arijmoÔc,
�topo.

L mma 8: Den up�rqoun x,y,z∈ Z me xyz 6=0 tètoia ¸ste x5+y5=z5,
mkd(x,y)=mkd(x,z)=mkd(y,z)=1, x, y perittoÐ, z �rtioc kai 5|x   5|y .

Apìdeixh: 'Estw ìti up�rqoun tètoia x,y,z .Upojètoume qwrÐc bl�bh thc
genikìthtac ìti 5|x. Epeid  to 5|x xèroume ìti up�rqoun n ∈ N kai x′ ∈ Z, tètoia
¸ste x = 5nx′ me n ≥ 1, mkd(x′, 5)=1. 'Ara 55nx′5 = y5 + z5. Pollaplasi�zw
me 25 kai sta dÔo mèlh kai èqw : (25)(5)5n)x′5 = 25(y5 + z5). 'Estw p = y + z,
q = y − z. IsqÔoun oi parak�tw idiìthtec :

(a) Oi p, q eÐnai kai oi dÔo perittoÐ.
10Apì to (b)
11c′, d′ 6= 0 , opìte c′, d′ ≥ 1

6



Autì diìti o y eÐnai perittìc kai o z eÐnai �rtioc.

(b) Mkd(p, q)=1.
Diaforetik� ja up rqe pr¸toc f tètoioc wste f |p kai f |q. Katal gw
ìmwc se �topo diìti mkd(y, z)=1.

(c) p, q 6= 0 12.

(d) (25)(5)5n)x′5 = 25(y5 + z5) = (2y)5 + (2z)5 = (p + q)5 + (p − q)5 =
2p(p4 + 10p2q2 + 5q4)

(e) 5|p.
Apì to (d) sunep�getai ìti 5|2p(p4 + 10p2q2 + 5q4). 'Ara eÐte 5|2p eÐte
5|(p4 + 10p2q2 + 5q4). 'An 5|2p tìte 5|p .An 5|(p4 + 10p2q2 + 5q4) tìte
p�li èpetai ìti 5|p.
'Ara up�rqei r ∈ Z tètoio ¸ste p = 5r.

(f) Mkd(r, q)=1.
Autì diìti apì to (b) mkd(p, q)=1.

(g) Ta q, r eÐnai kai ta dÔo perittoÐ 13.
Antikajist¸ntac to p = 5r èqoume :
(25)(5)5n)x′5 = 2p(p4 +10p2q2 +5q4) = 2 ·52r(q4 +50q2r2 +125r4). Apì
autì èqoume ìti :

(h) 5|r (bl. sqìlia 2.1).
Autì diìti 55n|2 ·52r(q4 +50q2r2 +125r4. Dhlad  55n−2|2r(q4 +50q2r2 +
125r4). Epeid  n ≥ 1 5n ≥ 5, to 5n > 2. To 5 den diaireÐ to q4 +50q2r2 +
125r4 14. 'Ara, sÔmfwna me ta prohgoÔmena, 5|‖2r ,opìte 5|r.

'Estw

q4 + 50q2r2 + 125r4 = t′, q2 + 25r2 = a′, 10r2 = b′.

Shmei¸noume ìti t′ = a′2 − 5b′2. Ta a′, b′ eÐnai �rtioi. 'Ara up�rqoun a, b ∈ Z
tètoia ¸ste : a = (1/2)a′ kai b = (1/2)b′. 'Estw : t = (1/4)t′ = (1/4)(a′2 −
5b′2) = [(1/2)a′]2−5[(1/2)b′]2 = a2−5b2. Ta a, b èqoun tic akìloujec idiìthtec
:

12An y + z = 0   y − z = 0 tìte y = z   y = −z to opoÐo eÐnai adÔnato
13Perittìc diairoÔmenoc me to 5 =perittìc
14To 5|p kai mkd(p, q)=1
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(i) mkd(a, b)=1.

(ii) 5|b kai 56 |a.
Apì ton orismì tou b èpetai ìti 5|b. To 5 den diaireÐ to a diìti apì to (i)
mkd(a, b)=1.

(iii) Ta a, b eÐnai kai ta dÔo perittoÐ.
To b eÐnai perittìc diìti apì to (g) to r eÐnai perittìc. To a eÐnai perittìc
epeid  apì to (g) ta q, r eÐnai kai ta dÔo perittoÐ 15.

(in) (52r)(t/4) =pèmpth dÔnamh akeraÐou.
Apì prin : (25)(5)5n)x′5 = 2·52r(q4+50q2r2+125r4). 'Ara (25)(5)5n)x′5 =
2 · 52rt′ = 23 · 52rt. Diair¸ntac kai ta dÔo mèlh me 25 : 55nx′5 = (52rt)/4.

(n) Mkd(52r, t/4)=1.
Upojètoume to antÐjeto kai katal goume se �topo qrhsimopoi¸ntac to
ìti mkd(r, q)=1.

(ni) t/4 = (1/4)(a2 − 5b2) =pèmpth dÔnamh akeraÐou.
Autì èpetai apo ta (in), (n).

SÔmfwna me ta parap�nw kai efarmìzontac to l mma 6 sumperaÐnoume ìti :
a = c(c4 + 50c2d2 + 125d4)/16 kai b = 5d(c4 + 10c2d2 + 5d4)/16, ìpou c, d mh
mhdenikoÐ akèraioi, me mkd(c, d)=1, c, d kai oi dÔo perittoÐ kai 5 6 $c. EpÐshc 5/d,
diìti 53/b 16 kai 5 den diaireÐ to c4 + 10c2d2 + 5d4.

EpÐshc : 53b = (1/4)(54d)[([c2 + 5d2]/2)2− 5d4] kai 53b eÐnai pempth dÔnamh 17.
Lìgw tou ìti ta c, d eÐnai kai ta dÔo perittoÐ, èpetai ìti :
[(c2 + 5d2)/2]2 − 5d4 ≡ 0 (mod 4).
EÔkola apodeiknÔetai ìti mkd(54d, (1/4)[[(c2 + 5d2)/2]2 − 5d4]) =1.
Opìte, ta 54d kai (1/4)[[(c2 + 5d2)/2]2 − 5d4] eÐnai to kajèna pèmpth dÔnamh
akeraÐou.
Efarmìzontac loipìn to l mma 6, èpetai ìti: :
(c2+5d2)/2 = c′(c′4+50c′2d′2+125d′4)/16 kai d2 = 5d′(c′4+10c′2d′2+5d′4)/16
, ìpou c′, d′ mh mhdenikoÐ akèraioi, perittoÐ kai oi dÔo kai 56 |c′.
EpÐshc prokÔptei ìti 5|d′, diìti 52|d2 kai 5 den diaireÐ to c′4 + 10c′2d′2 + 5d′4.
K�nontac pr�xeic parathroÔme ìti :

15(perittìc)2 ≡ 1 (mod 4)
16Apì (h), b = (1/2)b′, b′ = 10r2 kai 5/r
17b = (1/2)b′ = 5r2. Apo (in) kai (n) èqoume ìti 52r =pempth dÔnamh. Opìte (52r)2 =

54r2 = 53b =pèmpth dÔnamh
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(58)(d2) = (1/4)(59d′)[([c′2 + 5d′2]/2)2 − 5(d′2)2].
EÔkola p�li apodeiknÔetai ìti mkd(59d′, (1/4)([c′2 + 5d′2]/2)2 − 5(d′2)2)=1.
EpÐshc gnwrÐzoume ìti 58d2 eÐnai pèmpth dÔnamh akeraÐou, afoÔ to 54d eÐnai
pèmpth dÔnamh akeraÐou.
Opìte p�li sumperaÐnoume ìti ta 59d′ kai (1/4)([c′2 + 5d′2]/2)2 − 5(d′2)2) eÐnai
to kajèna pèmpth dÔnamh akeraÐou.
'Epetai ìti 1 ≤ d′ ≤ d, diìti : 25d′5 < 16d2, apì ton orismì twn c′, d′. 'Epetai
ìti d′ < d ,diìti diaforetika, afoÔ kai oi dÔo eÐnai mh mhdenikoÐ akèraioi, ja
 tan 25d′5 ≤ 16d2, �topo. MporoÔme na epanal�boume thn Ðdia diadikasÐa ìsec
forèc jèloume. SuneqÐzontac ìsec forèc jèloume aut  thn diadikasÐa th jèsh
tou arqikoÔ d ja paÐrnoun nèa d′, d′′, · · · , ìpou 1 ≤ · · · < d′′ < d′ < d. All�
ètsi èqoume �peirh k�jodo stouc fusikoÔc arijmoÔc, �topo.

Epanerqìmaste t¸ra sthn apìdeixh tou jewr matoc 1.
H periptwsh I apodeÐqthke, ìpwc eÐpame, sthn arq  thc ergasÐac aut c. H
periptwsh II qwrÐzetai se dÔo upopeript¸seic :

1. To 5 diaireÐ to z .

2. To 5 den diaireÐ to z .

H al jeia tou jewr matoc 1, sthn upoperÐptwsh 1, apodeiknÔetai apì
to l mma 7 kai sthn upoperÐptwsh 2 apo to l mma 8.

2 Sqìlia

1. Sqìlia pou anafèrontai sthn apìdeixh tou l mmatoc 7.

1.1 mkd(a, b) = 1.
An htan mkd(a,b)>1 tìte ja up rqe pr¸toc f tètoioc ¸ste f |a kai
f |b. AfoÔ f |b èqoume ìti f |10r2 .'Ara gia ton pr¸to f èqoume tic
akìloujec treic pijanèc peript¸seic :
PerÐptwsh 1: f = 2.
PerÐptwsh 2: f = 5.
PerÐptwsh 3: f/r.
H perÐptwsh 1 aporrÐptetai afoÔ o a eÐnai perittìc. O a eÐnai perittìc
diìti oi p, r ìpwc anafèrame eÐnai o ènac �rtioc kai o �lloc perittìc.
H perÐptwsh 2 aporrÐptetai afoÔ o f den mporeÐ na eÐnai 5 diìti 5|p
kai mkd(p,q)=1. Autì shmaÐnei ìti o 5 den diaireÐ to q kai �ra o 5
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den diaireÐ to a = q2 + 25r2.
H perÐptwsh 3 aporrÐptetai afoÔ, an o f diaireÐ to r kai o f diaireÐ to
a tìte o f ja diaireÐ to q, 18 all� autì eÐnai �topo, diìti mkd(r,q)=1.
'Ara tetoioc pr¸toc den gÐnetai na up�rqei.

1.2 mkd(2 · 5r2,t)=1.
H apìdeixh autoÔ eÐnai h ex c :
'Estw ìti up�rqei pr¸toc f pou diaireÐ kai touc dÔo. To f 6=2 diìti o
t eÐnai perittìc 19. To f 6=5 diìti to t den diaireÐtai me 5, afoÔ sthn
apìdeixh thc perÐptwshc 2 thc idiìthtac (i) gia ta a, b, eÐqame deÐxei
ìti o 5 den diaireÐ to q. Tèloc o f den diaireÐ to r diìti mkd(r,t)=1.
'Ara tètoioc pr¸toc den gÐnetai na up�rqei.

1.3 mkd(a′,b′)=1.
'Estw ìti den isqÔei. 'Ara up�rqei pr¸toc f tètoioc ¸ste : f |c+5d2

kai f |2d2. Opìte ja èqoume treic pijanèc peript¸seic :
PerÐptwsh 1: f = 2.
PerÐptwsh 2: f = 5.
PerÐptwsh 3: f |b kai f |c.
H perÐptwsh 1 aporrÐptetai afoÔ a′ = c2 + 5d2 eÐnai perittìc20.
H perÐptwsh 2 aporrÐptetai afoÔ o 5 den diaireÐ to c, lìgw twn
upojèsewn gia ta c, d.
H perÐptwsh 3 aporrÐptetai afoÔ mkd(c,d)=1.

1.4 To a′2 − 5b′2 = c4 + 10c2d2 + 5d4 eÐnai pèmpth dÔnamh akeraÐou (bl.
sqìlia 1.4).
H apìdeixh autoÔ eÐnai h ex c :
'Eqoume ìti 2 · 52r eÐnai pèmpth dÔnamh akeraÐou, �ra kai o (2 · 52r)2

eÐnai pèmpth dÔnamh akeraÐou. 'Omwc :
(2 · 52r)2 = 2 · 53 · 10r2 = (2 · 53)b = (2 · 53)[5d(c4 +10c2d2 +5d4)] =
(2 · 54d)(c4 + 10c2d2 + 5d4). Ja deÐxoume t¸ra ìti mkd(2 · 54d,c4 +
10c2d2 + 5d4)=1.
An autì den isqueÐ, tìte ja up�rqei ènac prwtoc f tètoioc ¸ste :
f |2 · 54d kai f |c4 +10c2d2 +5d4. Up�rqoun treic pijanèc peript¸seic
:
PerÐptwsh 1: f = 2.
PerÐptwsh 2: f = 5 .
PerÐptwsh 3: f/c kai f/d .
Me akrib¸c ton Ðdio trìpo, ìpwc kai prin, apokleÐontai kai oi treic

18AfoÔ a = q2 + 25r2

19t = (q2 + 25r2)2 − 5(10r2)2 kai q, r o ènac �rtioc kai o �lloc perittìc
20Ta c, d eÐnai o ènac �rtioc kai o �lloc perittìc
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peript¸seic. Opìte, sumperaÐnoume ìti :
2 · 54d kai c4 +10c2d2 +5d4 eÐnai o kajènac pèmpth dÔnamh akeraÐou.

2. Sqìlia pou anafèrontai sthn apìdeixh tou l mmatoc 8.

2.1 5|r.
Autì diìti 55n|2 · 52r(q4 + 50q2r2 + 125r4. Dhlad  55n−2|2r(q4 +
50q2r2 + 125r4). Epeid  n ≥ 1 5n ≥ 5, to 5n > 2. To 5 den diaireÐ
to q4 + 50q2r2 + 125r4 21. 'Ara, sÔmfwna me ta prohgoÔmena, 5|‖2r
,opìte 5|r.
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