
H Uperbatikìthta tou PragmatikoÔ ArijmoÔ π

Nikìlaoc D. KatsÐphc ∗

To �rjro autì apoteleÐ to perieqìmeno ergasÐac, pou parousi�sthke sta plaÐsi-
a tou metaptuqiakoÔ maj matoc : H JewrÐa Arijm¸n sthn EkpaÐdeush .

Skopìc thc ergasÐac aut c eÐnai na apodeiqjeÐ h uperbatikìthta tou arijmoÔ π.
Sta 1761 o Lambert apèdeixe ìti o arijmìc π eÐnai �rrhtoc. Mèqri to 1844
parèmene anoiktì to er¸thma gia thn Ôparxh uperbatik¸n arijm¸n. Sta 1844
o Liouville apèdeixe èna krit rio gia migadikoÔc algebrikoÔc arijmoÔc arijmoÔc
kai èdeixe ìti up�rqoun uperbatikoÐ arijmoÐ. Me thn mèjodo aut  edeixe ìti o∑∞

n=0 10−n! eÐnai uperbatikìc. Sta 1873 o Hermitte èdeixe thn uperbatikìthta
tou e, en¸ h uperbatikìthta tou π apodeÐqjhke apo ton Lindemann sta 1882.
Prin proqwr soume sthn diatÔpwsh kai apìdeixh tou sqetikoÔ jewr matoc ja
anafèroume merik� pr�gmata pou ja mac qreiastoÔn.

Orismìc 1: 'Enac migadikìc arijmìc qarakthrÐzetai algebrikìc an eÐ-
nai rÐza enìc mh mhdenikoÔ poluwnÔmou me rhtoÔc suntelestèc. Sthn antÐjeth
perÐptwsh qarakthrÐzetai uperbatikìc.

Apì thn basik  jewrÐa swm�twn xèroume ìti oi algebrikoÐ arijmoÐ apoteloÔn
upìswma tou C, �ra oi rhtèc pr�xeic metaxÔ algebrik¸n arijm¸n dÐnoun apotè-
lesma algebrikì arijmì.

Orismìc 2: 'Ena polu¸numo kaleÐtai summetrikì sta x1, x2, · · · , xn an
paramènei to Ðdio (polu¸numo) ìtan efarmìsoume mia opoiad pote met�jesh stic
metablhtèc, dhlad  : f(xσ(1), xσ(2), · · · , xσ(n)) = f(x1, x2, · · · , xn) gia k�je
σ ∈ Sn, ìpou Sn eÐnai h summetrik  om�da.
Ta stoiqei¸dh summetrik� polu¸numa eÐnai ta :

. s1 = x1 + x2 + · · ·+ xn

∗Tm ma Majhmatik¸n, Panepist mio Kr thc
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. s2 =
∑

i<j xixj

. s3 =
∑

i<j<k xixjxk

...

. sn = x1x2 · · ·xn.

Je¸rhma 1: ( Jemeli¸dec Je¸rhma twn Summetrik¸n PoluwnÔmwn )
An to f ∈ Q[x1, x2, · · · , xn] eÐnai summetrikì polu¸numo bajmoÔ m, tìte
mporeÐ na ekfrasteÐ kai wc polu¸numo twn s1, · · · , sn bajmoÔ ≤ m me
suntelestèc apì to Q.

Par�deigma stic 3 metablhtèc :
f = x3

1 + x3
2 + x3

3, profan¸c summetrikì. Ed¸ s1 = x1 + x2 + x3, s2 =
x1x2 + x1x3 + x2x3, s3 = x1x2x3. AnaptÔssontac to (x1 + x2 + x3)3

brÐskoume eÔkola ìti f = s3
1 − 3s1s2 − 3s3.

Parat rhsh: An f(x) ∈ Q[x] eÐnai èna monikì polu¸numo n bajmoÔ me
rÐzec r1, r2, · · · rn, tìte
f(x) = (x−r1)(x−r2) · · · (x−rn) = xn−s1x

n−1 +s2x
n−2 + · · ·+(−1)nsn,

ìpou sk to stoiqei¸dec summetrikì polu¸numo stic rÐzec r1, r2, · · · rn.

Je¸rhma 2(Lindemann): O pragmatikìc arijmìc π eÐnai uperbatikìc.

Apìdeixh: Ja upojèsoume ìti o pragmatikìc arijmìc π eÐnai algebrikìc
kai ja katal xoume se �topo. An o π eÐnai algebrikìc tìte afoÔ o i eÐnai
algebrikìc kai o iπ eÐnai algebrikìc. Epomènwc o iπ eÐnai rÐza enìc mh
mhdenikoÔ poluwnÔmou d1(x) ∈ Q[x], tou opoÐou tic rÐzec sumbolÐzoume
iπ = w1, w2, · · · , wn. EÐnai ew1 + 1 = eiπ + 1 = 0, opìte :

(ew1 + 1)(ew2 + 1) · · · (ewn + 1) = 0 (1)

AnaptÔssontac thn (1), èqoume :

1 +
2n−1∑

i=1

eai = 0, (2)

ìpou a1, a2, · · · , a2n−1 eÐnai oi 2n − 1 parak�tw arijmoÐ :
w1, w2, · · · , wn, w1 + w2, w1 + w3, · · · , w1 + w2 + w3 · · · + wn, me k�poia
seir�.
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JewroÔme t¸ra to polu¸numo d∗(x) pou èqei wc rÐzec ta ai, i = 1, · · · , 2n−
1. Oi suntelestèc tou d∗(x) eÐnai summetrik� polu¸numa twn a1, a2, · · · , a2n−1,
�ra summetrik� polu¸numa twn w1, w2, · · · , wn kai epomènwc polu¸numa
twn suntelest¸n tou d1(x) pou eÐnai rhtoÐ arijmoÐ.
DiairoÔme to d∗(x) me kat�llhlh dÔnamh tou x, an qreiasjei 1, kai pol-
laplasi�zontac me kat�llhlo akèraio gia na di¸xoume touc paranomas-
tèc twn suntelest¸n, paÐrnoume èna polu¸numo d(x) me akèraiouc sunte-
lestèc kai rÐzec ìlouc touc mh mhdenikoÔc ekjètec b1, b2, · · · , br thc (2).
Opìte h (2) gÐnetai :
eb1 + eb2 + · · ·+ ebr + e0 + e0 + · · ·+ e0 = 0, dhlad ,

eb1 + eb2 + · · ·+ ebr + k = 0, (3)

gia k�poio fusikì arijmì k ∈ Z. 'Estw

d(x) = crx
r + cr−1x

r−1 + · · ·+ c0,

c0 6= 0 afoÔ to d(x) den èqei rÐza to 0. 'Estw p ènac pr¸toc, ton opoÐo
ja epilèxoume parak�tw.

OrÐzoume

f(x) =
cs
rx

p−1d(x)p

(p− 1)!
, s = r(p− 1). (4)

EpÐshc orÐzoume

g(x) = f(x) + f ′(x) + · · ·+ f (s+p+r−1)(x). (5)

ParathroÔme ìti f (s+p+r)(x) = 0, diìti to polu¸numo eÐnai bajmoÔ rp +
p− 1, en¸ s + p + r = rp + p.
UpologÐzoume eÔkola ìti : d

dy (e−yg(y)) = −e−yf(y), opìte, gia opoiod -
pote stajerì x èqoume
e−xg(x)− g(0) = − ∫ x

0 e−yf(y)dy .
Gia y = tx èqoume

g(x)− exg(0) = −x

∫ 1

0
e(1−t)xf(tx)dt.

Ac upojèsoume ìti sthn parap�nw sqèsh to x paÐrnei diadoqik� tic timèc
b1, b2, · · · , br. Opìte, ajroÐzontac kai qrhsimopoi¸ntac thn (3) èqoume

r∑

j=1

g(bj) + k · g(0) = −
r∑

j=1

bj

∫ 1

0
e(1−t)bjf(tbj)dt. (6)

1Autì ja qreiasteÐ an k�poioc apì touc ai eÐnai 0, giatÐ tìte to d∗(x) den ja èqei stajerì
ìro
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Ja deÐxoume ìti gia èna meg�lo pr¸to p to pr¸to mèloc thc (6) eÐnai mh
mhdenikìc akèraioc.
Pr¸ta ja deÐxoume ìti

∑r
j=1 f (t)(bj) ≡ 0 (mod p) gia opoiod pote t ≥ 0.

Autì isqÔei ìtan t < p diìti tìte k�je prosjetèoc tou ajroÐsmatoc eÐnai
Ðsoc me mhdèn.
Gia t ≥ p k�je par�gwgoc f (t)(bj) èqei par�gonta p, diìti prèpei na parag-
wgÐsoume to d(x) toul�qiston p forèc gia na p�roume èna mh mhdenikì ìro.
Gia èna opoid pote t ≥ p, to

∑r
j=1 f (t)(bj) eÐnai èna summetrikì polu¸nu-

mo twn bj bajmoÔ ≤ s 2. Kai apì thn parat rhsh ja eÐnai èna polu¸numo
bajmoÔ ≤ s twn suntelest¸n ci/cr

3. O suntelest c cs
r ston orismì thc f

apaloÐfei tic dun�meic tou cr pou emfanÐzontai stouc paranomastèc, opìte
to �jroisma eÐnai akèraioc. 'Ara, gia t ≥ p 4 :

r∑

j=1

f (t)(bj) = p · nt, nt ∈ Z.

Opìte
r∑

j=1

g(bj) =
r∑

j=1

(
f(bj) + f ′(bj) + · · ·+ f (s+p+r−1)(bj)

)
=

= p · n0 + p · n1 + · · ·+ p · ns+p+r−1 = n · p, ìpou n ∈ Z.

Gia to g(0) èqoume 5:

f (t)(0) =





0, an t ≤ p− 2

cs
r · cp

0, an t = p− 1

µt · p, an t ≥ p, gia kat�llhlo µt ∈ Z

,

'Ara:
g(0) = cs

r · cp
0 + µ · p, µ ∈ Z.

2Pr
j=1 f (t)(bj) = f (t)(b1) + · · · + f (t)(br) kai eÐnai profanèc ìti opoiad pote met�jesh

σ ∈ Sr af nei to �jroisma Ðdio
3Ta ci/cr eÐnai sÔmfwna me thn parat rhsh oi stoiqei¸deic summetrikèc parast�seic twn

b1, b2, · · · , br. To
Pr

j=1 f (t)(bj) mporeÐ na grafteÐ apo to je¸rhma 1 wc polu¸numo twn
stoiqeid¸n summetrik¸n parast�sewn twn bj , dhlad  twn ci/cr

4GÐnetai qr sh thc genik c tautìthtac tou Leibniz (f · g)(n) =
Pn

k=0

`
n
k

´
f (k) · g(n−k)

5GÐnetai kai p�li qr sh thc genik c tautìthtac tou Leibniz
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'Ara to pr¸to meloc thc (6) gÐnetai

λ · p + k · cs
r · cp

0, ìpou λ ∈ Z.

'Eqoume k 6= 0, cr 6= 0, c0 6= 0.
Dialègw p > max(k, |cr|, |c0|). Tìte to pr¸to mèloc thc eÐnai akèraioc
pou den diaireÐtai me p kai epomènwc di�foroc apì to 0, �ra ≥ 1.

Exet�zoume t¸ra to deÔtero mèloc thc (6). 'Eqoume loipìn

|f(λ · bj)| ≤ |cs
r ·m(j)p|

|bj | · (p− 1)!
,

ìpou m(j) = |bj | sup0≤λ≤1 |d(λbj)|.
Epomènwc ∣∣∣∣∣∣

−
r∑

j=1

bj

∫ 1

0
exp(1−t)bj f(tbj)dt

∣∣∣∣∣∣
≤

≤
r∑

j=1

|cs
r ·m(j)p| ·B

(p− 1)!
p→∞−→ 0,

ìpou B jetikì �nw fr�gma tou
∣∣∣maxj

∫ 1
0 exp(1−λ)bj dλ

∣∣∣.

'Atopo

.
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