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To �rjro autì apoteleÐ to perieqìmeno ergasÐac, pou parousi�sthke sta plaÐsi-
a tou metaptuqiakoÔ maj matoc : Algebrik  JewrÐa Arijm¸n .

1 EÔresh akèraiac b�shc kai upologismìc thc
diakrÐnousac tou s¸matoc Q(zp)

JewroÔme to kuklotomikì s¸ma Q(z), ìpou z eÐnai arqik  rÐza thc mon�dac
t�xewc p, (p perittìc pr¸toc). SumbolÐzoume me A touc algebrikoÔc akèraiouc
tou Q(z). ParathroÔme ìti o z eÐnai rÐza tou : g(t) = tp−1 + . . .+ t+1,to opoÐo
eÐnai an�gwgo polu¸numo tou Q[t]. Autì diìti :
g(t) = tp−1/t−1, opìte g(t+1) = (t+1)p−1/t = (tp+

∑p−1
i=1

(
p
i

)·tp−i+1−1)/t =
tp−1+

∑p−1
i=1

(
p
i

)·tp−i−1 eÐnai polu¸numo Eisenstein wc proc p, �ra eÐnai an�gwgo
p�nw apì to Q 1. Sunep¸c kai to g(t) eÐnai an�gwgo polu¸numo p�nw apì to
Q.
Eidikìtera sumperaÐnoume ìti ta 1,z, . . ., zp−2 apoteloÔn mia b�sh thc epèktashc
Q(z)/Q.
Oi rÐzec tou g(t) eÐnai oi zi, 1 ≤ i ≤ p− 1, �ra 2 :

Tr(zi) = (−suntelest c tou xp−1) = −1 , i = 1 . . . p− 1. (1)

EpÐshc, to el�qisto polu¸numo tou 1-z eÐnai to g(−t+1) = ((−t+1)p−1)/(−t),
to opoÐo èqei stajerì ìro p. 'Ara 3:

N(1− z) = p.

∗Tm ma Majhmatik¸n, Panepist mio Kr thc
1prbl. sqìlia 3.1 , 3.2
2To qaraqthristikì ed¸ polu¸numo sumpÐptei me to el�qisto afoÔ degg(t) = [Q(z) : Q] =

p− 1.
3N(1− z) = (−1)p−1 · p
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Gia k�je α ∈ A, sumbolÐzoume me αi thn eikìna tou α mèsw tou automorfismoÔ
:

z→ zi, i = 1 . . . p− 1, α1 = α.

'Ara oi suzugeÐc tou α·(1-z) eÐnai oi αi·(1-zi), i = 1 . . . p− 1 kai sunep¸c :

Tr(α(1− z)) =
p−1∑

i=1

αi(1− zi) = β(1− z), β ∈ A.

Tìte :
N(Tr(α(1− z)) = N(β) ·N(1− z) = N(β) · p.

'Omwc N(Tr(α(1− z)) = [Tr(α(1− z)]p−1, diìti to Tr(α(1− z) ∈ Q 4. EpÐshc
N(β) ∈ Z diìti β ∈ A. 'Ara èqoume ìti :

p | Tr(α(1− z), gia k�je α ∈ A. (2)

T¸ra eÐmaste se jèsh na upologÐsoume thn akèraia b�sh tou Q(z).
'Estw k o deÐkthc tou z 5. Tìte gia k�je α ∈ A :
k·α = a0 + a1z + . . . + ap−2zp−2, ìpou a0, a1, . . . , ap−2 ∈ Z. Tìte :

Tr(α(1− z)) =

= 1/k · Tr[a0(1− z) + a1(z− z2) + . . . + ap−2(zp−2 − zp−1)] =

= 1/k·[a0(Tr(1)−Tr(z))+a1(Tr(z)−Tr(z2))+. . .+ap−2(Tr(zp−2)−Tr(zp−1))] =

= 1/k[a0((p− 1)− (−1)) + a1(−1− (−1)) + . . . + ap−2(−1− (−1))] =

=
p · a0

k
.

Lìgw thc (2) èqoume ìti :
p · a0

k
∈ pZ.

4IsqÔei ìti an α ∈ Q tìte TrL/K(α) = α[L:K]

5[A : Z[z]] = k = iz
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'Ara
k|a0.

Sth sunèqeia o α− a0
k eÐnai algebrikìc akèraioc, �ra kai o :

zp−1 · (α− a0

k
) = z−1 · (α− a0

k
) =

=
a1 + a2z + . . . + ap−2zp−3

k
:= α′.

An ergastoÔme ìpwc prin me ton α, dhlad  pollaplasi�zontac ton α′ epÐ (1 −
z) k.t.l brÐskoume ìti k|a1 kai epanalamb�noume thn Ðdia diadikasÐa ewc ìtou
apodeÐxoume ìti k|ai gia k�je i = 0, 1, . . . p− 2.
Sunep¸c, k�je α ∈ A eÐnai thc morf c :

b0 + b1z + . . . + bp−2zp−2 , bi ∈ Z,

to opoÐo apodeiknÔei ìti mia akèraia b�sh eÐnai h 1, z, . . . zp−2.
EpÐshc mia �llh akèraia b�sh eÐnai h z, . . . zp−2, zp−1, 6 thc opoÐac eÐnai pio
eÔkolo na upologÐsoume thn diakrÐnousa :

D(z, . . . zp−2, zp−1) = det(Tr(zi+j))1≤i,j≤p−1 =

=




−1 −1 . . . −1 p− 1
−1 −1 . . . p− 1 −1
... . . .

...
p− 1 −1 . . . −1 −1


 = 7

=




−1 −1 . . . −1 p− 1
0 0 . . . p −p
... . . .

...
p 0 . . . 0 −p


 = 8

=




−1 −1 . . . −1 1
0 0 . . . p 0
... . . .

...
p 0 . . . 0 0


 =

(−1)
p−1
2 · pp−2.

6prbl. sqìlia 3.3
7afair¸ntac thn pr¸th gramm  apì ìlec tic upìloipec
8prosjètwntac sthn teleutaÐa st lh to �jroisma ìlwn twn prohgoumènwn
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ApodeÐxame loipìn to ex c:

Je¸rhma 1.1: An z eÐnai arqik  rÐza tou 1 t�xewc p , ìpou p perittìc
pr¸toc, tìte sto Q(z) (pou lègetai` p−t�xewc kuklotomikì s¸ma ) mÐa akèraia
b�sh eÐnai h 1, z, . . . zp−2 kai h diakrÐnousa eÐnai (−1)

p−1
2 · pp−2.

2 An�lush twn Pr¸twn sto p-T�xewc
Kuklotomikì S¸ma (p > 2)

'Estw z h arqik  p−t�xewc rÐza thc mon�dac,K = Q(z) kai A o daktÔlioc
twn akeraÐwn tou s¸matoc K.
Mia akèraia b�sh tou K eÐnai h 1, z, . . . zp−2. Jètontac l = z − 1 eÐnai eÔkolo
na doÔme ìti kai h 1, l, . . . lp−2 eÐnai akèraia b�sh tou K 9. Profan¸c K = Q(l)
kai afoÔ to el�qisto polu¸numo tou z eÐnai to tp−1

t−1 , to el�qisto polu¸numo
tou l eÐnai (t+1)p−1

t , dhlad  eÐnai èna polu¸numo tou Eisenstein wc proc ton
pr¸to p. Sqetik� èqoume to ex c genikì l mma.

L mma 2.1: 'Estw to arijmhtikì s¸ma Q(ϑ) bajmoÔ n kai to ϑ eÐnai
rÐza enìc poluwnÔmou tou Eisenstein wc proc ton pr¸to p. Tìte h kanonik 
an�lush tou p se pr¸ta ide¸dh tou Q(ϑ) eÐnai thc morf c :

(p) = ℘n , N(℘) = p.

Apìdeixh: Prbl. sqìlia 3.6.

Sunep¸c lìgw tou l mmatoc 2.1, ja eÐnai :

(p) = ℘p−1, N(℘) = p. (3)

EpÐshc : N((l)) =| N(l) |= p.
'Ara to kÔrio ide¸dec (l) eÐnai pr¸to kai diaireÐ to p 10.
Lìgw thc (3) o p èqei mìno èna pr¸to diairèth ton ℘, opìte ℘ = (l). 'Ara :

(p) = (l)p−1 , N((l)) = p, ìpou l = z− 1.

9prbl. sqìlia 3.4
10prbl. sqìlia 3.5
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Ac doÔme t¸ra thn an�lush twn pr¸twn p′ 6= p.

L mma 2.2: An ℘′ eÐnai èna pr¸to ide¸dec pou diaireÐ ton rhtì pr¸to
p′ 6= p, tìte N(℘′) ≡ 1 (mod p).

Apìdeixh: Gia to tuqìn α ∈ A èstw α̂ = α + ℘′ ∈ A/℘′.
Ex orismoÔ eÐnai : N(℘′) = Card(A/℘′).
ParathroÔme ìti oi kl�seic : 1̂, ẑ, . . . ˆzp−1 eÐnai diaforetikèc.
Autì diìti, an ẑi = ẑj , 0 ≤ i < j ≤ p − 1, tìte zi − zj ∈ ℘′, dhlad 
(zi − zj) ⊆ ℘′. Dhlad , ℘′|(zi − zj) = (zi)(1− zj−i).Tìte :

N(℘′)|N(zi) ·N(1− zj−i) = N(1− zj−i)

'Omwc, to el�qisto polu¸numo tou zj−i eÐnai to g(t) = tp−1+. . .+t+1, opìte to
el�qisto tou 1−zj−i eÐnai to g(t+1), me stajerì ìro p. 'Etsi, N(1−zj−i) = p
kai tìte apokleÐetai h sqèsh N(℘′)|N(1− zj−i), afoÔ N(℘′) =dÔnamh tou p′.
'Etsi oi kl�seic 1̂, ẑ, . . . ˆzp−1 apoteloÔn upoom�da t�xhc p thc pollaplasiastik -
c om�dac twn mh mhdenik¸n kl�sewn tou A/℘′ h opoÐa èqei t�xh N(℘′)− 1.
'Epetai loipìn ìti p|N(℘′)− 1.

Je¸rhma 2.3: Sto kuklotomikì s¸ma t�xewc p > 2, oi rhtoÐ pr¸toi
analÔontai wc ex c (z arqik  rÐza t�xewc p) :

(i) (p) = (z− 1)p−1 , (z− 1) pr¸to ide¸dec bajmoÔ 1.

(ii) An p′ 6= p kai f eÐnai h t�xh tou p′ (mod p) (= o el�qistoc ekjèthc m
tètoioc ¸ste p′m ≡ 1 (mod p) ' wc gnwstìn, f |p− 1), tìte :

(p′) = ℘′1 · . . . · ℘′g , g =
p− 1

f
,

ìpou kajèna apì ta diaforetik� pr¸ta ide¸dh ℘′1, . . . , ℘
′
g eÐnai bajmoÔ f .

Apìdeixh:

(i) 'Eqei  dh apodeiqteÐ.

(ii) 'Estw ℘′ pr¸to ide¸dec pou diaireÐ to p′. Ja deÐxoume oti o bajmìc tou
℘′ eÐnai f .
'Estw ìti o bajmìc tou ℘′ eÐnai s. Epeid  p′s = N(℘′) ≡ 1 (mod p) 11,

11Lìgw tou l mmatoc 2.2
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prèpei, ex orismoÔ tou f , na eÐnai s ≥ f .
Ja deÐxoume t¸ra ìti s ≤ f .
'Estw α ∈ A. Ac gr�youme ton α wc ex c :

α =
p−2∑

i=1

aizi , ai ∈ Z , i = 0, . . . , p− 2. (4)

EpÐshc isqÔoun oi sqèseic :

· zp′f = z , diìti p′f ≡ 1 (mod p).

· (β + γ)p′f ≡ βp′f + γp′f (mod p′) gia ìla ta β, γ ∈ A12.

· ap′f ≡ a (mod p′) ∀a ∈ Z 13.

Opìte, uy¸nontac thn (4) sthn dÔnamh p′f kai qrhsimopoi¸ntac tic para-
p�nw sqèseic èqoume oti :

αp′f ≡ α (mod p′),

dhlad  :
(αp′f − α) ⊆ (p′) ⊆ ℘′.

SumperaÐnoume loipìn ìti k�je α̂ ∈ A/℘′ eÐnai rÐza tou poluwnÔmou
tp
′f − t ∈ A/℘′[t].

'Omwc se opoiod pote s¸ma, to pl joc twn riz¸n enìc poluwnÔmou eÐnai
to polÔ Ðso me ton bajmì tou. 'Ara :

Card(A/℘′) ≤ p′f ,

dhlad ,
p′s ≤ p′f ,

dhlad ,
s ≤ f.

DeÐxame dhlad  ìti o tuq¸n pr¸toc diairèthc ℘′ tou p′ èqei bajmì f .
Epiplèon afoÔ p′ 6= p èqoume ìti :
p′ 6 | (diakrÐnousa tou Q(zp))= (−1)

p−1
2 · pp−2.

12Apo thn an�ptuxh tou diwnÔmou tou NeÔtwna : (β + γ)p′f =
∑p′f

i=0

(
p′f
i

)
βi · γp′f−i

13Mikrì Je¸rhma Fermat
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'Ara o p′ den diaklad¸netai 14.
Opìte to pl joc twn pr¸twn diairet¸n ℘′ tou p′ eÐnai p−1

f
15.

3 Sqìlia

(3.1) Orismìc : 'Ena polu¸numo tn + an−1t
n−1 + . . . + a1t + a0 ∈ Z[t]

lègetai polu¸numo Eisenstein wc proc ton pr¸to p ∈ Z an p|ai , i =
0, 1, . . . , n− 1 kai p2 6 | a0.

(3.2) To p|(p
i

)
, ∀i ∈ {1, . . . p− 1}, diìti :

an x =
(

p

i

)
=

p!
(p− i)! · i! ,

dhlad 
p · (p− 1)! = x · (p− i)! · i!.

'Omwc
p|x · (p− i)! · i!

mkd(p, (p− 1)! · i!) = 1.

'Ara
p|x.

(3.3) An h {1, z, . . . zp−2} eÐnai akèraia b�sh tou Q(zp) tìte kai h {z, . . . zp−1}
eÐnai akèraia b�sh. Autì diìti :
O pinakac met�bashc apì thn b�sh {1, z, . . . zp−2} sthn {z, . . . zp−1} eÐnai
o

A =




−1 −1 . . . −1 −1
1 0 . . . 0 0
0 1 . . . 0 0
... . . .

...
0 0 . . . 1 0



∈ Z(p−1),(p−1),

14IsqÔei to ex c je¸rhma : O pr¸toc p diaklad¸netai sto K ⇔ diaireÐ thn diakrÐnousa
tou K

15Lìgw tou Jewr matoc : An (p′) = ℘e1
1 · . . . · ℘em

m , tìte e1f1 + . . . + emfm = n, ìpou
n = [K : Q] kai fi o bajmìc tou ℘i
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afoÔ,

· 1 = −z− z2 − . . .− zp−1.
· z = 1 · z + 0 · z2 + . . . + 0 · zp−1.
· z2 = 0 · z + 1 · z2 + . . . + 0 · zp−1

...
· zp−2 = 0 · z + 0 · z2 + . . . + 1 · zp−2 + 0 · zp−1

'Eqoume ìti |det(A)| = 1.
'Ara h {z, . . . zp−1} eÐnai akèraia b�sh.

(3.4) An h {1, z, . . . zp−2} eÐnai akèraia b�sh tou Q(zp), jètontac l = z − 1
èqoume ìti kai h {1, l, . . . lp−2} eÐnai akèraia b�sh. Autì diìti :
O pinakac met�bashc apì thn b�sh {1, l, . . . lp−2} sthn {1, z, . . . zp−2}
eÐnai o




1 0 0 . . . 0 0
1 −1 0 . . . 0 0
1 −2 1 . . . 0 0
... . . .

...
1 −(

p−2
1

) (
p−2
2

)
. . . −1




afoÔ,

· 1 = 1 · 1 + 0 · z + . . . + 0 · zp−2.
· l = 1 · 1− 1 · z + 0 · z2 . . . + 0 · zp−2.
...

· lp−2 = 1 · 1− (
p−2
1

) · z +−(
p−2
2

)
z2 + . . .− 1 · zp−2

'Eqoume ìti |det(A)| = 1.
'Ara h {1, l, . . . zp−2} eÐnai akèraia b�sh.

EpÐshc mia �llh prosèggish tou (3.4) eÐnai h ex c :

Se aut  thn perÐptwsh mporoÔme na apofÔgoume ta parap�nw kai na
deÐxoume me pio fusikì trìpo ìti h {z, . . . zp−1} eÐnai akèraia b�sh.
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AfoÔ ta 1, z, . . . , zp−2 eÐnai akèraia b�sh, o tuq¸n α ∈ A eÐnai thc morf c
a0 + a1 · z + . . . + ap−2 · zp−2, ìpou a0, . . . , ap−2 ∈ Z. All� tìte

α = a0 + a1 · (1 + l) + a2 · (1 + l)2 + . . . + ap−2 · (1 + l)p−2 =

= b0 + b1 · l + . . . + bp−2 · lp−2, gia kat�llhlouc b0, . . . , bp−2 ∈ Z.

(3.5) 'Eqoume N((l)) = |N(l)| = p. To p ∈ (l) diìti :

p = N((l)) = |A/(l)|.

'Ara :
p · (x + (l)) = 0 + (l) , ∀x ∈ A.

Opìte :
p · x ∈ (l) , ∀x ∈ A.

Gia x = 1 èqoume ìti :
p = N((l)) ∈ (l).

'Ara (p) ⊆ (l), dhlad  (l)|(p).

(3.6) Apìdeixh L mmatoc 2.1 :

'Estw tn + an−1t
n−1 + . . . + a1t + a0 ∈ Z[t] to polu¸numo Eisenstein wc

proc ton pr¸to p, tou opoÐou rÐza eÐnai to ϑ. Tìte

ϑn + an−1ϑ
n−1 + . . . + a1ϑ + a0 = 0 (5)

'Estw

(p) =
m∏

i=1

℘ei
i ,

h kanonik  an�lush tou p se pr¸ta ide¸dh tou K kai fi o bajmìc tou ℘i.
Tìte gnwrÐzoume ìti :

m∑

i=1

ei · fi = n (6)

H sqèsh
aj ≡ 0 (mod p) , j = 0, . . . n− 1

sunep�getai thn sqèsh

aj ≡ 0 (mod ℘i) , j = 0, . . . n− 1 , i = 1, . . . ,m.
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'Ara :
ϑ ≡ 0 (mod ℘i) , i = 1, . . . ,m.

EpÐshc
ν℘i(a0) = ei , i = 1, . . . , m,

afoÔ p|a0 all� p2 6 |a0.
T¸ra lìgw thc (6) èqoume ìti e1 ≤ n. An e1 = n èqoume telei¸sei.
'Estw loipìn ìti e1 < n, dhlad  e1 + 1 ≤ n. Tìte sthn (5) k�je ìroc
an−kϑ

n−k , k = 1, . . . n− 1, diaireÐtai apì to ℘e1+1
1

16.
EpÐshc to ϑn diaireÐtai apì to ℘n

1 , �ra diaireÐtai apì to ℘e1+1
1 .

Sunep¸c :

a0 = −a1ϑ− . . .− an−1ϑ
n−1 − ϑn ≡ 0 (mod ℘ei+1

i ),

to opoÐo ìmwc eÐnai �topo afoÔ ν℘1(a0) = e1.

Anaforèc

[1] Nikìlaoc Tzan�khc, Shmei¸seic Algebrik c JewrÐac Arijm¸n.

16afoÔ ℘ei
i |(p) kai ℘i|ϑ
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